We present an analytical calculation of temporal evolution of populations for optically pumped atoms under the influence of weak, circularly polarized light. The differential equations for the populations of magnetic sublevels in the excited state, derived from rate equations, are expressed in the form of inhomogeneous second-order differential equations with constant coefficients. We present a general method of analytically solving these differential equations, and obtain explicit analytical forms of the populations of the ground state at the lowest order in the saturation parameter. The obtained populations can be used to calculate lineshapes in various laser spectroscopies, considering transit time relaxation.
Introduction
When an atom is illuminated by single-mode laser light, the populations of the magnetic sublevels and coherences between them exhibit complicated temporal variations. This phenomenon is called optical pumping, which is widely used in the preparation of internal atomic states of interest [1, 2] . It has recently been observed that optical pumping affects the lineshapes in saturated absorption spectroscopy (SAS) [3] , electromagnetically induced transparency (EIT) [4] , and absorption of cold atoms with a Λ-type three-level scheme [5] . Nonlinear effects in optical pumping have also been investigated [6, 7] .
The temporal dynamics of the internal states of an atom are accurately described by density matrix equations [8, 9] . In some special cases, however, a simpler method can be employed to solve for the dynamics of the internal states of the atom, using rate equations [10, 11] . Furthermore, when the intensity of light is weak, the rate equations can be solved analytically [12] [13] [14] [15] . These analytical solutions are practically very useful; once they are obtained, it is readily possible to obtain analytically computed quantities such as the absorption coefficient of a probe beam and lineshape functions in nonlinear laser spectroscopy. We have previously reported analytical solutions for SAS [16, 17] and polarization spectroscopy (PS) [18] .
Interestingly, the equations governing the temporal dynamics of populations at the weak intensity limit are homogeneous or inhomogeneous second-order linear differential equations (DEs) with constant coefficients [12] [13] [14] [15] . Unlike the harmonic oscillator in mechanics, where under-or over-damped motions are observed [19] , the equations for optical pumping show only over-damped behaviors. However, this system exhibits a variety of inhomogeneous DEs. In a recent publication, we reported the method of solving these equations analytically, in the context of The internal dynamics of the atom can be described by the density matrix equation in the frame rotating with frequency ω:
where ρ is the density operator. In Equation (1), the Hamiltonian, H, is given by
where ∆ g is the hyperfine splitting between the two ground states and h.c. denotes the harmonic conjugate. In Equation (2), the first two terms in the right-hand side represent the bare atomic Hamiltonian and the rest terms denote the atom-photon interaction Hamiltonian [20] . C j i is the normalized transition strength between the states f i and g j , and R j i ≡ C j i 2 is given below (Equation (13)). In Equation (1),ρ sp represents spontaneous emission term, whose matrix representations are given by:
and µ|ρ sp |ν = ν|ρ sp |µ * when µ = ν, where Γ is the decay rate of the excited state. D j i is the normalized transition strength between the states h i and g j , and
is also given below (Equation (13)). Inserting Equations (2) and (3) into Equation (1), we can obtain the following differential equations for the optical coherences and populations:
where we use simplified expressions for the populations: (4)- (7), we assume that g i | ρ |h i = 0 because ∆ g is much larger than |δ| and Γ. We note that, because the polarization of light is σ + , and therefore the Zeeman coherences between the magnetic sublevels in the excited and ground states disappear.
In Equation (4), the characteristic decay rate of the optical coherence is Γ/2, which is much larger than the characteristic decay rate of the populations (∼ sΓ; see Equation (12) below for definition of s). Thus, the optical coherences evolve much faster than the populations, which is called the rate equation approximation [21] . Owing to this rate equation approximation, g i | ρ | f i can be expressed in terms of the populations as follows by letting g i |ρ | f i = 0:
Then, inserting Equation (8) and its complex conjugate into Equations (5)- (7), we can obtain the following rate equations for the populations:
for i = 1, 2, · · · . In Equations (9)- (11), s is the saturation parameter, which is given by
and R . We note that s is a function of both the δ and Rabi frequency. Notably, the reference of the frequency detuning differs, depending on the transition line considered.
When i and j refer to the states F g , m g and |F e , m e , respectively, the transition strength (R j i ) is given by
where L and S denote the orbital and electron spin angular momenta, respectively, and the curly (round) brackets represent the 6J (3J) symbol. T j i are similarly obtained by using different F g values in Equation (13) .
The explicit form of Equation (9) is given bẏ
and f i can be expressed in terms ofġ i and g i from Equation (10) at the lowest order in s as follows:
Insertion of Equations (10) and (15) into Equation (14) yields the following DE for g i :
when i = 1, the right-hand side of Equation (16) vanishes. Therefore, Equation (16) becomes a homogeneous DE. In contrast, when i = 1, Equation (16) becomes an inhomogeneous DE because the right-hand side terms are functions of g i . We solve Equation (16) from i = 1 consecutively. As is well-known, the solution of Equation (16) consists of two parts: a homogeneous solution and a particular solution. We first find the solutions of the homogeneous equation by inserting the equation g i ∼ e λΓt into Equation (16) . Then, we have two values (λ 2i−1 , λ 2i ) for λ as follows:
which can be approximated as follows in the weak intensity limit:
We consider the case of i = 1 in Equation (16) . Then, the solution is given by
where the coefficients C 1,1 and C 1,2 should be determined using the initial conditions. In the case of i = 2, the right-hand side in Equation (16) contains the terms of e λ 1 Γt and e λ 2 Γt . Therefore, g 2 has four exponential terms:
where the coefficients should also be determined. Therefore, we can express g j generally as follows:
We find C j,k with k = 1, 2, · · · , 2j by means of recursion relations; i.e., C j,k are expressed in terms of C i,l with i < j and l = 1, 2, · · · , 2i. Inserting Equation (17) into Equation (16), we obtain
Comparing Equations (17) and (18) gives
for k = 2i − 3 and 2(i − 1).
The remaining two coefficients, C i,2i−1 and C i,2i , can be derived from Equation (18) using two initial conditions for g i (0) andġ i (0):
where p 0 is the population of each sublevel in the ground state at equilibrium, which is equal to 1/[2(2I + 1)]. Then, the results are given by
where
and
The coefficients in g i from g 1 can be obtained by successively using the recursion relations in Equations (19)- (22) . Once g i are obtained, f i can be obtained using Equation (15) . Up to the lowest order in s, the result is given by
Since λ k ∼ −1 for odd k, g i can be expressed as follows:
Taking the derivative of Equation (24) with respect to time and letting t = 0, we havė
up to the first order in s, since λ 2k (k = 1, 2, · · · , i) are already in the first order in s. Because one of the initial conditions isġ i (0) = sp 0 R i i /2, and g i (0) = ∑ i k=1 (C i,2k−1 + C i,2k ) = 0 from the other initial condition, we obtain the following equations:
Using the relations in Equations (23) and (25), we find the simplified form of g i as follows:
We obtain the populations of the sublevels in the ground state, which are not excited by laser light. The one or two magnetic sublevels with higher magnetic quantum numbers correspond to this case. We can easily obtain analytical populations by integrating the populations spontaneously transferred from the excited state, and the result is given by
In several cases of atomic transition systems, λ k can duplicate, and the method of solving particular solutions given in Equation (18) no longer holds. We may solve for the particular solutions using the method presented in our previous paper [15] . However, it is also possible to solve by intentionally modifying λ k to satisfy the conditions that all λ k are unique. One possible method is setting R j i → R j i + δ i,j j , where is a constant that is taken as zero at the final stage of the calculation. Although this method is not novel, it is very efficient.
The populations (h i ) of the sublevels in the ground state, which are not excited by laser light, can be easily obtained analytically by integrating the populations spontaneously transferred from the excited state (Equation (11)), and the result is given by
Calculated Results
Based on the method developed in Section 2, here we present the calculated results of the populations for the two transition schemes: (i) F g = 4 → F e = 5 and (ii) F g = 3 → F e = 3 for the D2 line of Cs. The energy level diagram for the Cs-D2 line is shown in Figure 2a , and the energy level diagrams for these two transitions are shown in Figure 2b ,c. Owing to the large hyperfine splitting in the excited states, it is justifiable to neglect the off-resonant transitions; i.e., the F g = 4 → F e = 4 and F g = 4 → F e = 3 transitions can be neglected when the laser light is tuned to the F g = 4 → F e = 5 transition line. Although it is in principle possible to include the off-resonant transitions in the analytical calculation of the populations [13] , the complicated analytical solutions may not be practically useful. 
Results for the F
The F g = 4 → F e = 5 transition shown in Figure 2b is cycling, and is used in many experiments, such as laser cooling and trapping [22] . Because σ + polarized laser light is illuminated, the sublevels with m e = −5 and −4 are not optically excited. The normalized transition strengths, for the transitions presented in Figure 2b , are given by 
Thus, using Equation (23), we obtain where we use a simplified notation: τ ≡ sΓt. Since the F g = 4 → F e = 5 transition is cycling, the populations in the magnetic sublevels in the F g = 3 ground state remain at their equilibrium value, 1/16. It should be also noted that the sum of the ground state populations is conserved, i.e.,
From Equation (26), the populations of the sublevels in the excited state can be expressed in terms of the populations in the ground state as follows:
The constants in f 9 and g 9 can be accurately calculated using Equation (10) . In the steady-state regime, all the populations except f 9 and g 9 vanish, and these satisfy the following equations:
with R 9 9 = 1. Then, we have
, which can be used in a more accurate calculation of the SAS spectrum.
Now we present the calculated results of the populations for the F g = 3 → F e = 3 transition of the D2 line of Cs. The energy level diagram for the transition is shown in Figure 2c . The sublevel of the excited state with m e = −3 is not optically excited, and thus the sublevel of the upper-ground state with m g = −4 is not filled by spontaneous emission. We also obtain the solutions for the populations in the other ground state (F g = 4). To prevent the duplication of the transition strengths in this transition, we introduce so that the transition strengths are given explicitly by We first find various C ik values using the recursion relations in Equations (19)- (22) . For the transition for i = 1, we obtain
thus, using Equation (23), we obtain
Using a similar method, we can obtain f 2 and f 3 as follows: The populations of the sublevels in the excited state, using Equation (26), can be expressed as follows:
The populations of the sublevels in the ground state F g = 4 can be obtained using Equation (28), and are presented in the appendix.
Conclusions
We have presented a general method of solving homogeneous or inhomogeneous second-order DEs corresponding to the optical pumping phenomenon with σ + polarized laser light. Unlike the harmonic oscillator in mechanics or electrical circuits, this system only exhibits over-damped behavior. Although the method of solving inhomogeneous DEs with constant coefficients is straightforward in principle, obtaining accurate analytical solutions for the equations related to optically pumped atoms, in particular, those with complicated atomic structures, such as Cs, is cumbersome. Our method of solving the DEs provides an easy way to obtain analytical solutions at the weak intensity limit. This method is general and applicable to most atoms. As stated in Section 1, the obtained analytical form of the populations can be used in the calculation of spectroscopic lineshapes such as in saturated absorption spectroscopy (SAS) [16, 17] and polarization spectroscopy (PS) [18] . Calculations of SAS and PS for Cs atoms are in progress. Finally, we note that the sum of the populations is conserved, i.e.,
where 1/16 is the population at the sublevel m g = −4 in the upper ground state.
